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Game Theory
Theory of finding solutions to ‘games’ was established 
by John von Veumann and Oskar Morgensgtern in 
their book 

Game Theory studies how players rationally play 
games.

The Theory of Games and Economic Behavior (1944) 



Game Theory
• has at least two players; 
• each player has a finite number of possible 

strategies (i.e., courses of action) from which 
he or she may choose to follow; 

• the strategies the players choose determine 
the outcome of the game; 

• And associated to each outcome are payoffs, 
one to each player

From the perspective of game theory, a game …

Game Theory studies how players rationally play games.



Game Theory

• A rational player will consider all possible 
strategies, 

• weigh strategies against their expected 
outcomes, and 

• choose the strategy that is most likely to lead 
to the greatest payoff to the player.

Game Theory studies how players rationally play games.

Both players have perfect information about the game.



Game Theory

• Zero-sum games (payoffs are, essentially, paid 
by the players to one another) 

• Non-zero-sum games (payoffs can be thought 
of as coming from and going to a third-party 
‘bank’)

We will limit ourselves to games between two players.

We will talk about two types of games;

Games can be translated into a ‘normal form’ (a 
matrix game) that allows an efficient way to analyze 
them.



Zero-Sum Normal Form

• Rose has m strategies that are denoted R1, R2, 
R3, …, Rm 

• Colin has n strategies that are denoted C1, C2, 
C3, …, Cn 

• Zero-sum:  The payoff to Rose for her 
choosing Ri and for Colin choosing Cj is 
denoted aij (the payoff to Colin is -aij)

A game has two players, who we’ll call Rose and 
Colin, and each has a finite set of strategies to select 
from.



Game Matrix Form

C1 C2 C3 … Cn

R1 a11 a12 a13 … a1n

R4 a21 a22 a23 … a2n

R3 a31 a32 a33 … a3n

Rm am1 am2 am3 … amn

⋮ ⋮ ⋮ ⋮ ⋮

Colin

Rose



Game Theory

• If Rose plays her optimal strategy, her expected 
payoff will be at least v, no matter what Colin 
does, and  

• If Colin plays his optimal strategy, his expected 
payoff will be at most v, no matter what Rose does

Minimax Theorem:  An n x m (zero-sum) matrix 
game has a solution.  That is, there is a unique 
number v called the value of the game, and there 
are optimal strategies for Rose and Colin such that 

(Each player could announce their strategy to the 
other.)



“Penny Match”

H T

H 1 -1

T -1 1

Rose

Colin



Example:  Dominated 
Strategies

C1 C2

R1 1 2

R2 3 4

Rose

Colin
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Example:  Minimax
For Rose, each strategy has a worst case outcome 
(minimum value of the row). 
It is reasonable for Rose to choose the row with the 
greatest of those minimum values (the maximin 
value).

For Colin, each strategy has a worst case outcome 
(maximum value of the column). 
It is reasonable for Colin to choose the column with 
the smallest of those Maximum values (the minimax 
value).



Example:  Minimax
It is reasonable for Rose to choose the row with the 
greatest of those minimum values (the maximin 
value).

It is reasonable for Colin to choose the column with 
the smallest of those Maximum values (the minimax 
value).

max min aij     min max aij≤



Example:  Minimax

C1 C2

R1 1 2

R2 3 4

Rose

Colin

1

3

3 4



Saddle Points

Saddle Point Theorem:  If an n x m (zero-sum) 
matrix game has a saddle point, both players should 
choose the strategy that contains a saddle point.  

Saddle points indicate a solution to a game.

Neither player can expect to do better than choosing 
a strategy that contains a saddle point.

(If they choose a strategy that does not contain a 
saddle point, they can expect to do worse,)



Example:  Saddle
C1 C2 C3 C4

R1 12 -1 1 0

R2 5 1 7 -20

R3 3 2 4 3

R4 -16 0 0 16



Example:  Movement 
Diagram

C1 C2 C3 C4

R1 12 -1 1 0

R2 5 1 7 -20

R3 3 2 4 3

R4 -16 0 0 16



Example: Minimax 
C1 C2 C3 C4

R1 4 2 5 2

R2 2 1 -1 -20

R3 3 2 4 2

R4 -16 0 16 1



Example:  Movement 
C1 C2 C3 C4

R1 4 2 5 2

R2 2 1 -1 -20

R3 3 2 4 2

R4 -16 0 16 1



“Penny Match”

H T

H 1 -1

T -1 1

Rose

Colin

-1

-1

1 1



Probabilities
• Use to describe random events 

• In game theory, use is defensive 

• Example:  flipping a coin



Expected Values
• Suppose we have a fair coin. 

• If it lands “heads” you get $5 

• If it lands “tails” you get $2. 

• Should you pay $3 to play?



Expected Values
• If a game does not have an equilibrium solution 

(no saddle point, maximin and minimax are not 
equal), then it’s optimal strategy is a mixed 
strategy 

• Play the pure strategies in combination with 
certain probabilities



Expected Value Principle

• If you know your opponent is playing a given 
mixed strategy and will continue to do so 
regardless of what you do … 

• …you should play your strategy which has the 
largest expected value.



Example:  Mixed strategies

C1 C2

R1 2 -3

R2 0 3

Rose

Colin



Zero-sum games are 
solvable!

• If Rose plays her optimal strategy, her expected 
payoff will be at least v, no matter what Colin 
does, and  

• If Colin plays his optimal strategy, his expected 
payoff will be at most v, no matter what Rose does

Minimax Theorem:  An n x m (zero-sum) matrix 
game has a solution.  That is, there is a unique 
number v called the value of the game, and there 
are optimal strategies for Rose and Colin such that 

(Each player could announce their strategy to the 
other.)



Non-Zero Sum Games

C1 C2

R1 (2,3) (3,2)

R2 (1,0) (0,1)

Rose

Colin


